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After several ad hoc proposals of new 2-dimensional carbon structures, interest in their
actual synthesis has begun to increase. One needs a clear orientation or criteria to describe
those carbon structures in an appropriate way. In the present paper, we propose a system-
atic method for discovering new stable structures of carbon crystals with sp2-bonding using
advanced mathematical methods. There are two key ideas: geometric descriptions based
on curvatures, symmetries, etc. and the standard realization of crystal lattices via harmonic
theory to identify stable coordinates. We apply this new method to study negatively curved
carbon crystals with octahedral symmetry after Mackay–Terrones [1], and identify several
new structures. The stability and electronic states of the proposed structures are investi-
gated using first principles calculations.
 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Many types of 2-dimensional carbon structures have been
proposed and even synthesized in the past several decades
via ad hoc methodologies. Representative examples of such
structures include Buckminster fullerene C60, single-wall car-
bon nano tubes (SWNTs), and graphite-like sheets. From a
mathematical viewpoint, these structures can be classified
into three categories according to the Gauss curvature of their
surfaces. The surfaces of structures in the first category have
positive curvature, those in the second category have zerocurvature, and those in the third have negative curvature.
The first category includes fullerenes, whereas the second
includes SWNTs and graphite-like sheets. A natural question
follows: do negatively curved carbon structures exist?
In 1991, Mackay and Terrones [1] proposed a carbon crystal
structure, now called the Mackay–Terrones Schwarzite crys-
tal, or simply the Mackay crystal. Its atomic structure is a tri-
ply-periodic trivalent (sp2-bonding) network, which consists
of 6- and 8-membered rings. Moreover, all carbon atoms in
the structure lie on the Schwarz minimal P-surface, which
has a negative Gauss curvature. Lenosky et al. [2] also foundaito) and
(H. Naito),
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rings. These are examples of the third category of 2-dimen-
sional carbon structures described above, because their sur-
faces have a negative curvature.
Because surfaces with negative curvatures are mathemat-
ically more stable under local deformation, it is promising for
synthesis and thus of interest to study them in a systematic
way and give them appropriate geometrical descriptions.
In the present paper, we propose a mathematical method
for identifying stable carbon crystal structures, which are tri-
ply periodic, trivalent, negatively curved networks with octa-
hedral symmetry after Mackay. Herein, we call them Mackay–
Terrones-like Schwarzites, or Mackay-like crystals in short. The
octahedral symmetry of the structure plays an important role.
Since we require the structures to be triply periodic in order to
span 3-dimensional space, the lattice of periodicity is cubic
([3, Theorem 3]) and the primitive cell (the fundamental
domain of the periodicity) shapes the truncated octahedron.
In the future, Mackay-like crystals may be used as junctions
in more complicated 3-dimensional jungle-gym-like struc-
tures. Deza and Dutour [4] classified fullerene-like structures
that are positively curved finite carbon structures with icosa-
hedral symmetry.
Our method consists of three steps. First, we classify pos-
sible topological networks for Mackay-like crystals under cer-
tain reasonable assumptions using combinatorial arguments.
Second, we determine their atomic coordinates in actual
space. Here, we use the notion of the standard realization.
The mathematical definition of a crystal lattice and its stan-
dard realization were introduced by Kotani and Sunada [5]
to study stable atomic configurations of crystal structures in
the sense of all atoms are in mechanically balancing posi-
tions. The standard realization turns out to be very useful in
the systematic search for stable configurations of a given
topological structure. In fact, Sunada [6] proposed a new
sp2-bonding crystal structure (K4 crystal) as a diamond twin
using the standard realization. The stability and material
properties of the K4 carbon crystal were investigated by Itoh
et al. [7] and others [8,9].
Naito [10] established an algorithm to determine the coor-
dinates of atoms in the standard realization of a crystal lat-
tice. However, it is generally rather complicated to obtain
actual coordinates for the standard realizations by applying
the algorithm. Here, we are able to determine the coordinates
with a geometric consideration by using the octahedral sym-
metries effectively.
Finally, we identify stable structures and determine the
corresponding electronic structures using first principles
calculations.
2. Results and discussion
2.1. Classification of networks
We look at the network in a primitive cell and extend it to the
whole space as a triply periodic structure. The vertices and
edges of the network represent positions at which carbon
atoms and the covalent bonds between them can be placed,
respectively. As explained in Fig. 1, we can find networks of
Mackay-like crystals by determining networks in the hexago-nal domains shown in Fig. 1b. Since the hexagonal domains
have dihedral group D3 symmetry, we should determine net-
works in the kite-like region (Fig. 1c). By reversing the above
process, it is clear that the network of any Mackay-like crys-
tals must have octahedral symmetry.
Now we look for a carbon 3-dimensional crystal by sp2-
bonding only. By topologically deforming the kite-like region
onto a disk, we assume the following natural conditions on
the networks in the disk: (1) Any inner vertex is of degree 3.
(2) Any vertex on the boundary is joined with the two neigh-
boring vertices on the boundary, or with an inner vertex and
not with both neighboring vertices on the boundary. (3) A net-
work is planar and connected, and there are at least four ver-
tices on the boundary. (4) A network does not have a
consecutive sequence of odd vertices on the boundary. (5) A
network is triangle-free.
Mathematically, it is easy to see that there is no network
with an odd number of vertices satisfying the above condi-
tions (for additional mathematical details, see [3, Theorem
1]). Moreover, networks satisfying the above conditions have
at least 6 vertices. Fig. 2 shows all of the possible 6- and 8-ver-
tex networks satisfying the above conditions. For Mackay-like
crystals with octahedral symmetry, the Euler polyhedron the-
orem implies that the primitive cell should contain at least
one k-membered ring with kP 7. If a network consists of 6-
and 8-membered rings only, the number of 8-membered rings
should be 12, whereas a network consisting of 6- and 7-mem-
bered rings should have 24, 7-membered rings. Using these
networks, as we stated above, we can obtain networks in
the primitive cell, as shown in Fig. 1a.
Now we move to the second step, identifying the spatial
coordinates of the topological structures we classified above.
Stable configuration of atoms in a crystal lattice should be
the standard realization of the crystal lattice. The standard
realization is the equilibrium configuration of all perturba-
tions with respect to atoms and lattices, and satisfies the dis-
crete Poisson equations of the network with periodic
boundary conditions. It is a complex process to obtain the
coordinates of the standard realization of a given crystal lat-
tice. Here, we succeeded by making use of geometric observa-
tions in an essential way, as explained in the supplementary
mathematical discussion [3].
2.2. Geometrical stability
We investigated the stability of the structures classified above
by calculating the phonon spectrum. We used the numbering
scheme shown in Fig. 2. Our new proposed structures are 6-
1-1-p, 6-1-2-p, 6-1-3-p, and 8-4-2-p crystals (see Fig. 3).
Phonon spectra calculations indicate that these four struc-
tures are mechanically stable (see Fig. 4).
The structure predicted by Mackay–Terrones [1] was
among the structures we classified, and was designated 8-
2-1-p. Although the Mackay crystal was proposed in 1991,
the present paper is the first presentation of its phonon spec-
trum that we are aware of. Lenosky et al. [2] found a carbon
network consisting of only hexagons and heptagons on the
Schwarz minimal P-surface, which we classified as 8-4-1-
p. Both the Mackay crystal and the Lenosky crystal are shown




Fig. 1 – Mackay crystal and its reduction to a disk region. (a) Schwarz P-surface and the primitive cell of a Mackay crystal.
Schwarz P-surface is triply-periodic minimal (negatively curved surface) with cubic periodicity. The Mackay crystal lies on the
surface, so the discrete surface consisting of the crystal is negatively curved. (b) The fundamental domain for octahedral
symmetry of the crystal. To obtain the network of the crystal, we define the network in this region. (c) The fundamental
domain (kite-like region) for dihedral group D3 of the hexagonal region. (d) The kite-like region can topologically deform into
the disk region. To classify networks of Mackay-like crystals, it is sufficient to classify the networks in the disk region.
(a) 6-1 (b) 6-2 (c) 6-3 (d) 8-1 (e) 8-2
(f) 8-3 (g) 8-4 (h) 8-5 (i) 8-6 (j) 8-7
Fig. 2 – All networks with 6 and 8 vertices in the disk region. The numbering X–Y of the networks indicates that X is the
number of vertices and Y is serial numbers. Networks that generate Mackay-like crystals should satisfy: (1) Any interior
vertex should connect 3 vertices. (2) Any boundary vertices should connect to at least one interior vertex. (3) There are no
consecutive sequences of odd vertices on the boundary. Therefore, the number of vertices in networks that generate Mackay-
like crystals is even and greater than or equal to 4. (A colour version of this figure can be viewed online.)
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crystal lattice is 14.79 A˚ with the space group Im3m. The den-
sity of the Mackay crystal is 1:18g=cm3, which is much less
than its typical amorphous counterparts ð1:8 2:1g=cm3) at
room temperature and half the density of graphite
ð2:267g=cm3Þ [11]. Pristine graphene, whose carbon atoms
are coplanar, contains only hexagons, as the existence of
higher order polygons in the system, such as heptagons or
octagons, would result in a negative curvature. To check for
stability, the corresponding phonon spectrum along the high
symmetry path was calculated (Fig. 4). The positiveness of the
frequencies indicates that the Mackay crystal is stable.
The Lenosky crystal is also calculated. Since there are
more carbon atoms in its primitive cell, the crystal lattice
(16.03 A˚) of the Lenosky crystal is larger than that of the Mac-
kay crystal, and its density is 1:05g=cm3. There are 24 hepta-
gons in the Lenosky crystal, and these heptagons are
separated by hexagons. Although the space group of the
Lenosky crystal, which belongs to Pm3m, is different from that
of the Mackay crystal, the two share the same Brillouin zonepath. The phonon calculations indicated that the Lenosky
crystal is also stable (Fig. 4). Analogous information for the
other structures is also shown in Figs. 5–8.
2.3. Energy bands and DOS
First, the stabilities of these new structures were confirmed by
calculating the corresponding phonon spectra via Phonopy
[12] along the high symmetry axes of these structures. The
results are shown in Fig. 4. In these phonon calculations,
imaginary frequencies (if they exist) are shown as negative
frequencies. According to our calculations, the frequencies
of these six crystals (6-1-1-p, 6-1-2-p, 6-1-3-p, 8-4-2-p,
8-2-1-p and 8-4-1-p) are positive.
Since all carbon atoms are trivalent, analogous to their
coplanar counterpart graphene, the sp2 hybridization forms
r bonds and p bonds. The inclusion of pentagons, heptagons,
and octagons complicates the corresponding electronic struc-
tures [13]. For example, the octagon in graphene causes the
DOS at the Fermi level be non-zero [14]. The curvature effect
Fig. 3 – Structures in the primitive cell, hexagonal region, and kite-like region. (a) 6-1-1-p (metal) has 176 atoms in the
primitive cell, the lattice size is 14.48 A˚, the density is 1:16g=cm3, and consists of 60 hexagons and 24 heptagons. (b) 6-1-2-p
(metal) has 152 atoms, 13.52 A˚, 1:23g=cm3, and 48 hexagons and 24 heptagons. (c) 6-1-3-p (metal) has 152 atoms, 13.12 A˚,
1:34g=cm3, and 24 pentagons, 12 hexagons, 24 heptagons, and 12 octagons. (d) 8-4-2-p (semiconductor) has 168 atoms,
14.25 A˚, 1:16g=cm3, and 68 hexagons and 12 octagons.
C A R B O N 7 6 ( 2 0 1 4 ) 2 6 6 –2 7 4 269also plays an important role, because the interface between
the wave functions on multiply connected surfaces can affect
the energy bands [13,15–17]. The band structure turns out to
be primarily determined by the interplay between the poly-
gons and the topology of the curved surfaces. For example,
the band gap of a Lenosky crystal is ascribed to the curvature
of the surface [18]. The crystals can be insulators, metals, or
semiconductors [19]. In this study, DFT calculations were used
to investigate the electronic structures of the four new
crystals.
The energy bands and the corresponding DOS of 6-1-1-p
are shown in Fig. 5. It is metallic, because the energy bands
are closed and the DOS at the Fermi level is zero. To under-
stand its properties around the Fermi level, the band-
decomposed charge densities (/1–/4) are also shown. These
states primarily stem from the p orbitals, which are roughly
normal to the faces of the polygons. This is consistent with
the results reported by Phillips et al. [18], as /1–/4 sharesome common features. For example, they contain mostly
p bonds, because the density between the atoms is non-
zero. /1 mainly stems from heptagons in the primitive cell,
but for /2, the contributions from neighboring hexagons
play an important role. In /3 and /4, isolated pz orbitals
(as indicated by the arrows in Fig. 5) are present in the
heptagons.
Fig. 6 shows the results of 6-1-2-p. Due to the non-zero
DOS at the Fermi level, the 6-1-2-p crystal is also metallic.
By analogy to the previous results, the states (/1–/4) near
the Fermi level come from the p orbitals, and the p orbitals
that form the p bonds are perpendicular to the polygons.
/1–/4 are close to the M point, so their distributions are very
similar. For example, the distribution of /1 and /3 are almost
identical. In /2, as indicated by the arrows, the curvature
effect is significant. We can imagine that if the radius of cur-
vature was infinite, the p bonds on both faces of the hexagon
would be exactly the same. However, in the present case, the
Fig. 4 – Low-frequency part of phonon spectra. For visibility, only the low-frequency parts, in units of THz, of the studied
structures are plotted. The positive frequencies indicate that these structures are stable.
Fig. 5 – The energy bands and relevant DOS of the 6-1-1-p crystal. (a) The closed energy bands and zero DOS at the Fermi
level indicate that the crystal is metallic. (b) /1–/4 show band-decomposed charge densities as indicated by the arrows in (a).
(A colour version of this figure can be viewed online.)
270 C A R B O N 7 6 ( 2 0 1 4 ) 2 6 6 –2 7 4distributions of p electrons are different. For example, the dis-
tribution of p electrons is extensive in the region indicated by
red arrows, whereas the distribution is localized in the region
indicated by black arrows. These localized orbitals are chem-
ically active, and have the tendency to absorb other atoms or
molecules.
In 6-1-3-p, as shown in Fig. 7, the DOS around the Fermi
level is non-zero, so this crystal is metallic. One significant
property of this structure is a sharp DOS peak at the Fermi
level. Generally speaking, an infinite DOS at the Fermi levelinduces instability, such as geometric or electronic structural
instability [20–22]. For example, in zigzag graphene nano-rib-
bons, the sharp DOS peak at the Fermi level induces spin-
polarization. Since the phonon spectrum confirmed the struc-
tural stability, we considered the spin-polarization in order to
rule out other possible instabilities. Our calculations indi-
cated that this structure is non-spin-polarized. The lack of
spin polarization can be understood based on the energy
bands. The DOS peak comes from the conduction bands along
the C–X axis. As indicated by the arrows, at the C point, the
Fig. 6 – The energy bands and the relevant DOS of the 6-1-2-p crystal. (a) 6-1-2-p crystal, whose energy bands are closed, is
metallic. (b) /1–/4 show band-decomposed charge densities at the Fermi level, as indicated by the arrows in (a). (A colour
version of this figure can be viewed online.)
Fig. 7 – The energy bands and relevant DOS of the 6-1-3-p crystal. (a) The metallicity of 6-1-3-p crystal is confirmed by the
energy bands and DOS. /1 and /2, which contribute to the DOS peak, are plotted in (b).(A colour version of this figure can be
viewed online.)
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Two of them are conduction bands (/2 and /3), which are
nearly dispersionless. However, the other valence band (/1)
has a finite DOS, and providing enough electrons to trigger
the spin-polarization transition requires a significant energy
change. Therefore, this transition is not spontaneous. The
decomposed density of /1 and /2 are shown. Since /2 and/3 are degenerate and their distributions are very similar, only
/2 is presented here.
Unlike the previous crystals, which are metallic,
8-4-2-p crystal is a semiconductor with an energy gap of
approximately 0.38 eV. The band gap is indirect, the valence
band maximum (VBM, /1) is at point M, and the conduction
band minimum (CBM, /4) is at point X. To characterize the
Fig. 8 – The energy bands and relevant DOS of the 8-4-2-p crystal. (a) The closed energy bands and zero DOS at the Fermi
level indicate that this crystal is a semiconductor with an indirect band gap of 0.38 eV. (b) /1 is the VBM and /4 is the CBM. For
comparison, /2 and /3, as indicated by the arrows, are also plotted. (A colour version of this figure can be viewed online.)
272 C A R B O N 7 6 ( 2 0 1 4 ) 2 6 6 –2 7 4electronic properties, the corresponding density distributions
associated with the frontier states were plotted. Most states
come from the bonds. Compared with the previous results,
/2–/4 are relatively localized.
Therefore, the electronic structures are diverse, and can be
either metallic (6-1-1-p, 6-1-2-p, and 6-1-3-p) or semicon-
ducting (8-4-2-p). In these Mackay semiconductors, the
energy gaps can be changed over a large range, from 0.38 eV
(8-4-2-p) to 1.35 eV (Lenosky crystal).
3. Methods
3.1. Standard realizations
It is difficult to obtain standard realizations of Mackay-like
crystals by a direct application of Naito’s algorithm. However,
we are able to determine the coordinates of their standard
realizations with a geometric consideration by effectively uti-
lizing the octahedral symmetries.
Here, we briefly explain how to obtain the discrete Poisson
equation of the network. Given a network in the hexagonal
region, by considering the octahedral symmetry of the Sch-
warz minimal P-surface-like crystals, we obtain a topological
network in the primitive cell by patching 8 copies of the net-
work in the hexagonal region. The discrete Poisson equation
of the network is the mechanically balanced equation of an
atom and the three atoms to which it is bonded. More pre-
cisely, by first periodically extending the network in the prim-
itive cell to all of space using translation vectors fex; ey; ezg, we
can obtain the abstract network of a Mackay-like crystal. If an
atom pi connects to pi1 ;pi2 , and pi3 , other atoms in the same
primitive cell, then the balanced condition with respect to pi
can be written, ðxi1  xiÞ þ ðxi2  xiÞ þ ðxi3  xiÞ ¼ 0. On the
other hand, If an atom pi connects to atoms pi1 and pi2 in
the same primitive cell and atom pi3 in a neighboring primi-tive cell, then the balanced condition with respect to pi is
written, ðxi1  xiÞ þ ðxi2  xiÞ þ ðxi3  ea  xiÞ ¼ 0, for some ea.
We call this system of equations the discrete Poisson equa-
tion, and we can prove that this equation is solvable (for addi-
tional mathematical details, see [3, Theorem 2]). Moreover, we
can also prove that the lattice of standard realizations of Mac-
kay-like crystals with octahedral symmetry must have cubic
periodicity. For additional mathematical details, see Theorem
3 of the supplementary material [3].
3.2. First principles calculation methods
To study the geometric structures and the corresponding sta-
bilities of these Mackay-like crystals, density functional the-
ory (DFT) calculations were carried out using the Vienna ab
initio simulation package (VASP) [23–26]. First, all atomic posi-
tions are fully relaxed until the maximum atomic force is less
than 1:0  104 eV/A˚. Being the exchange–correlation func-
tional, generalized gradient approximation PBE (GGA-PBE) is
applied [27,28]. The cutoff energy was set to 350 eV with
2  2  2 Monkhorst–Pack grids [29]. The energy converged
to an accuracy of 1:0  108 eV.
To confirm the relaxation results, the TOhoku Mixed Basis
Orbitals ab initioprogram (TOMBO) was used to check these
optimized structures [30,31]. The cutoff energy was 200 eV,
with 2 2 2 Monkhorst–Pack grids. The energy converged
to 1:0 106, and the force tolerance was 0.01 eV/A˚. The sym-
metry was considered during the computations. There were
no significant differences between the results of the TOMBO
calculations and the VASP results. For example, the primitive
cell lattices differed by no more than 2%.
After relaxation of the primitive cells, including consider-
ation of the crystal symmetry, different 2 2 2 super-cell
structures with 0.01 A˚ displacements were created [32]. In
the present cases, the Monkhorst–Pack grid was 1 1 1 for
C A R B O N 7 6 ( 2 0 1 4 ) 2 6 6 –2 7 4 273these super cells, and the other calculation parameters were
kept the same.
Finally, the phonon spectra were calculated by Phonopy
[12]. The force constants were extracted from the previous
calculations, and the corresponding vibrational frequencies
are achieved. All of the frequencies estimated by Phonopy
were positive, and therefore all of the structures are stable.
4. Conclusion
New stable Mackay-like crystals were predicted. Based on
their phonon spectra, we demonstrate that some of these
new structures are mechanically stable, because their vibra-
tional frequencies are all positive definite (Fig. 4). Their elec-
tronic structures were examined using DFT calculations. We
found that the metal structures consist of 5-, 6-, 7-membered
rings (6-1-3-p), and consists of 6-, 7-membered rings (6-1-
1-p and 6-1-2-p). We also found a semiconductor structure
consisting of 6- and 8-membered rings (8-4-2-p).
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